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Resume :
Etude parametrique du scenario de transition du sillage d'ellipsode : L'etude du sillage
d'un disque plat a recemment connu un regain d'intere^t dans la communaute scientique. Dans le
me^me temps, des simulations numeriques ont permis de montrer que le sillage d'objets cylindriques
d'epaisseur nie presentait un scenario de transition dierent de celui d'un disque plat ou d'une sphere.
Cependant, aucune etude permettant de faire le lien entre le sillage d'une sphere et celui d'un disque
inniment plat n'avait jusqu'alors ete menee. L'objet de cette communication est de presenter une
etude couvrant la gamme complete de rapports d'aspect (entre l'unite et l'inni) d'un ellipsode et
d'etablir ce lien manquant entre sphere et disque plat.
Abstract :
An exhaustive parametric study of the transition scenario in the wake of oblate spheroids placed with
their rotation axis parallel to the ow is presented. The atness of the investigated objects is classied
by the aspect ratio  dened as  = d=a (with d the diameter and a the length of the polar axis). At
large aspect ratios ( > 2:3), the secondary bifurcation giving rise to a periodic state without planar
symmetry is subcritical with a hysteresis interval of about two Reynolds number units. For small aspect
ratios (  1 are considered), the sphere-like scenario is recovered only at aspect ratios very close to
one. For intermediate aspect ratios, a domain of states with non zero net helicity separates states
typical for the sphere wake from those of an innitely at disk.
Mots clefs : Sphere ; Transition ; Instability
1 Introduction
The pioneering linear analysis on the breaking of axisymmetry in wakes of axisymmetric bodies of
Natarajan & Acrivos (1993) focused on two prototypical bodies : a sphere and a disk. While the wake
of a sphere has been the topic of extensive experimental research, that of a at disk and that of at
cylindrical bodies has been taken up only in a handful of recent, mostly numerical and theoretical
papers. For a cylinder, the aspect ratio is dened as  = d=h where d is the cylinder diameter and h
the cylinder height. In what follows a 'at disk' is considered to correspond to an innite aspect ratio
while if the body is cylindrical with non zero height it will be called at cylinder if  > 1. It clearly
appears that the transition scenario in these wakes diers considerably from that of the xed sphere
wake, further the transition process involves several new states that do not exist in the sphere wake.
The present literature on the transition from a steady symmetric to a chaotic ow over a at disk or
a thin cylinder reveals seven transition stages.
a. In all investigated congurations, the at disk ( = 1), considered by Natarajan & Acrivos
(1993), Fabre et al. (2008) and Meliga et al. (2009), and at cylinders of aspect ratio larger
than one, investigated by Fernandes et al. (2007) ( = 2 through 10), Shenoy & Kleinstreuer
(2008) ( = 10) and Auguste et al. (2010) ( = 3), the primary bifurcation is regular in the
m = 1 azimuthal subspace leading to a steady non-axisymmetric but planar symmetric state, the
symmetry plane of which has an arbitrary orientation selected by initial conditions (see Ghidersa
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& Dusek, 2000). The breaking of axisymmetry yields a steady lift oriented in the symmetry plane.
This state is denoted as SS (steady state) in Fabre et al. (2008) and Meliga et al. (2009) and
'steady asymmetric' in Shenoy & Kleinstreuer (2008). The threshold of the primary bifurcation
has been given by Fernandes et al. (2007) as a function of  for cylinders of nite aspect ratio.
In the cited bibliography, there is a good consensus as for the critical Reynolds number value of
Re1 for a at disk. It is found to be between 115 and 117.
b. While the steady non-axisymmetric state is common to all investigated cases, including that
of a sphere, the secondary bifurcation, albeit of Hopf type in all cases, has been found to lead
to a specic periodic state without planar symmetry for a at disk and a cylinder of aspect
ratio  = 10. This state is characterized by a 'kinking of trailing vortices' past the body (see
Shenoy & Kleinstreuer, 2008) generating an oscillating component of the lift. While the mean
lift lies in the symmetry plane selected at the primary bifurcation the oscillating component is
perpendicular. As a consequence, it has been called RSB (reectional symmetry breaking) by
Fabre et al. (2008), MM (mixed mode with phase ) state by Meliga et al. (2009), 'steady
3D periodic with regular rotation of the separation region' by Shenoy & Kleinstreuer (2008) or
'yin-yang' by Auguste et al. (2010). For the at disk the critical Reynolds number Re2 was found
between 121 and 125.6.
c. Alternatively, for  = 3, Auguste et al. (2010) evidenced a transition to the periodic state with
planar symmetry as observed many times in the sphere wake (see e.g. Johnson & Patel, 1999)
at the secondary bifurcation. In this state the lift oscillates in the symmetry plane and keeps a
non zero mean value. It has been called RSP state by Fabre et al. (2008), MM0 state by Meliga
et al. (2009) or 'zig-zig' by Auguste et al. (2010). The change of the bifurcated state does not
signicantly inuence the trend of the critical Reynolds number as a function of the aspect ratio.
It was tted to a smooth function by Fernandes et al. (2007).
d. State (c) is to be distinguished from the periodic state with a zero mean lift although both have
a symmetry plane. The mean value of the oscillating lift in the periodic state without planar
symmetry (b) has been observed to vanish until the planar symmetry is recovered (but with a
symmetry plane perpendicular to that chosen at the primary bifurcation). The lift oscillates in
this symmetry plane with a zero mean value. This periodic state with a zero mean lift has been
observed for the at disk and for the cylinder of aspect ratio  = 10. It is to be noted that
the same state arises in the case when the Hopf bifurcation directly breaks the axisymmetry
of the ow, which happens for the opposing ow in the wake of a heated sphere (see Kotouc
et al., 2009a). In the bibliography concerning disks, this state is called SW (standing wave) mode
(Fabre et al., 2008; Meliga et al., 2009) or 'unsteady with plane of symmetry and zero lift force'
(Shenoy & Kleinstreuer, 2008). Its threshold has been found at Re 140 (Fabre et al., 2008) and
143 (Meliga et al., 2009).
e. In a single case, that of the cylinder with  = 3 (Auguste et al., 2010), the existence of a
state with non zero helicity has been reported. The net non zero helicity arises due to unequal
amplitudes of spiral modes appearing in the weakly non-linear analysis of Fabre et al. (2008)
and Meliga et al. (2009). On the time scale of a vortex shedding period, the helicity yields an
elliptic path of the lift. The latter moves periodically in the plane perpendicular to the ow axis
so that the lift path can roughly be described as a slowly oscillating or rotating ellipse. Because
of the two scales present and of the form of the lift trajectory the state is called 'quasiperiodic
pulsating' or 'knit-knot' by Auguste et al. (2010). Similar states have also been observed in the
opposing ow past a heated sphere by Kotouc et al. (2009a).
f. The transition to chaos is preceded by a quasi-periodicity characterized by the presence of a
slower frequency close to 1/3 of the 'leading frequency' of the previous regimes (Fabre et al.,
2008). The same behavior has been observed in the unheated and heated sphere wake (Bouchet
et al., 2006; Kotouc et al., 2009b). A similar modulation sets in states with non zero net helicity
(Kotouc et al., 2009b).
g. The chaotic states have no symmetry. The lift coecient describes a chaotic path in the plane
perpendicular to the ow axis.
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(c),  = 1:25, Re = 268 (d),  = 6, Re = 183
(e), left two gures :  = 1:25, Re = 283, right gure :  = 1:85, Re = 190
Figure 1 { Sample characterization of transition states in the wake of oblate spheroids. The letters
(c) through (e) refer to the list presented in section 1. (c) periodic with planar symmetry and non
zero mean lift, (d) periodic with zero mean lift, (e) non zero helicity. The 3D plots represent a couple
of iso-vorticity surfaces corresponding to a positive and negative streamwise vorticity value.
The link between the scenario of a sphere and a at disk is represented rather by oblate spheroids
than by at cylinders. The former have, however, never been investigated. The wakes of spheroids
can be characterized by just two parameters allowing a relatively easily feasible two parametric study
providing an exhaustive picture of the transition scenario. The purpose of this paper is to present the
results of such an investigation.
2 Mathematical formulation and numerical method
The mathematical formulation and used numerical method are basically those of Ghidersa & Dusek
(2000).The three-dimensional incompressible Navier Stokes equations are non-dimensionalized with
respect to the inow velocity U and the diameter of the transverse cross section d and are solved
in a cylindrical coordinate system (z; r; ), with the z-axis parallel to the free-stream direction, r
the distance to the axis and  the azimuthal angle. The non-dimensionalization yields the Reynolds
number dened as Re = Ud= and the aspect ratio dened in the introduction (section 1) for cylinders
and given by  = d=a for the spheroids where d is the transverse diameter and a the length of the
streamwise axis of the spheroid.
The spectral-element break-up of the (z   r)-plane had to be adapted to the new conguration.
Especially for that of the at disk and of the cylindrical bodies the ow conditions at the body
surface dier from that of a sphere. The mesh had to be rened close to the sharp edges to accurately
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Figure 2 { Spectral element discretization of the radial-axial plane of the computational domain of
an oblate spheroid of =2. The inow is situated at left.
capture the sharp gradients. Nevertheless, the mesh modications as compared to the mesh presented
in Ghidersa & Dusek (2000) are limited roughly to a domain of radius 1d. Several meshes have
been developed for each considered conguration and tested for the dependence of the primary and
secondary thresholds on the number of collocation points. (A bad mesh yields a solution sensitive to
the renement within spectral elements.) The inuence of the number of azimuthal modes m on the
secondary instability threshold was also investigated. The results show that 6 collocation points and
an azimuthal expansion truncated at m = 4 provide values that are almost insensitive to further mesh
renement and that agree with bibliographic data.
3 Results
3.1 Transition states
In the introduction we listed seven states ((a) through (g)) that have been described in the bibliography
as representing the stages of transition in the wakes of at disks. The transition stages we observed in
the wake of oblate spheroids are very similar. The parametric investigation presented below (see the
two following subsections) shows that the classication in section 1 is valid for the whole parameter
domain investigated for oblate spheroids, namely   1. Figure 1 provides sample illustrations of
analogs of the states reported in the bibliography on cylindrical bodies in the case of oblate spheroids.
Converged states obtained after the decay of transients are represented. The time evolution (including
the transients) was monitored by plotting the three components of the hydrodynamic force and the ow
eld at several points of the wake. The lift coecient is represented in the gures as best illustrating
the nature of the states. The simplest states have already been amply described elsewhere. Here we
briey comment just the states with non zero helicity (e) and the quasiperiodic pre-chaotic states (g).
As already stated, the state with non zero helicity was reported only once as the 'knit-knot' mode
at  = 3 and Re = 187 in the wake of a cylinder (Auguste et al., 2010). As a rule, the domain of
stability of purely bi-periodic states is very limited (the main period being the 'leading frequency' of
vortex shedding linked to the Hopf bifurcation and the secondary one the frequency, sometimes very
slow, characteristic for the 'migration' of the ellipse representing the projection of the lift onto the
plane perpendicular to ow axis at the scale of one vortex shedding period). Very often, at least in
the opposing ow past a sphere, the ellipse is very at which means that there still remains a slightly
distorted symmetry plane of the wake. The latter either slowly oscillates or rotates. In the case of
oblate spheroids we evidenced both a rotating (see gure 1 (e) for  = 1:25 Re = 283) and oscillating
version (see the same gure but the case of  = 1:85 Re = 190) of the state with non zero net helicity.
In the 'rotating' case the path of the lift describes an ellipse slowly rotating with constant angular
velocity on one given direction, in the 'oscillating' case, its rotation stops and reverses back so that
the ellipse axis oscillates only within a limited angle.
The onset of chaos is not always quite clear cut. If states with well dened symmetry, (c) and (d),
become chaotic, the onset of chaos can be associated to the loss of this symmetry. The chaotic state
described by Shenoy & Kleinstreuer (2008) arises from state (d) and that of Auguste et al. (2010)
from state (c). Auguste et al. (2010) show clearly that a quasi- (multi-) periodicity (with a possible
subharmonic lock-in) precedes the onset of chaos. The same observation has been made for a sphere
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Figure 3 { State diagram for oblate spheroids. A stands for axisymmetric state. The letters a through
g in the legend refer to the same states as in the caption of Figure 1. The lled triangles (c), and
diamonds (e) represent pre-chaotic states with a subharmonic modulation. They can be either with
non zero helicity (diamonds) or with planar symmetry (triangles). The narrow lled band represents
the domain of bi-stability at the subcritical bifurcation.
(Bouchet et al., 2006). The exact limit between a multi-periodic and a chaotic state is dicult to set.
This is even more true in the cases when chaos sets in from a state (e), in which no symmetry is present.
Nevertheless we observe again a characteristic subharmonic that distorts the traveling 'ellipse' of the
lift path. The latter becomes more and more complicated as large time scale modulations set in until
both the time plots and the lift path become completely disorganized. To sum up, the line delimiting
the onset of chaos in the state diagrams presented below is to be understood as approximate.
3.2 State diagram of the transition
The transition scenario for oblate spheroids (see Figure 3) can be roughly divided into a sphere-like
and a at-disk-like one. The dierence starts to appear at the secondary bifurcation, the primary
steady non-axisymmetric state (a) being present in the qualitatively same form for all aspect ratios.
The sphere-like and at-disk-like scenarios are separated by the sub-domain of states (e) with non zero
helicity extending from the secondary bifurcation threshold at   2 almost to the sphere case  = 1.
We have taken a special care to see why the states of non zero helicity have never been evidenced
in the sphere wake. It appears that the corresponding (e)-sub-domain is cut o between 1= = 0:9
and 0.95. The most striking feature of the at-disk-like scenario is that the secondary bifurcation
leading to the periodic state without planar symmetry (b) appears to be subcritical. Any subcritical
bifurcation has two characteristic features : a bistability interval below the linear instability threshold
and a super-exponential growth above the threshold. Both were evidenced. The bi-stability band is
represented by the gray lled area in g. 3. The subcriticality seems to be closely linked to the Hopf
bifurcation to the (b)-state. It is, however, dicult to trace it to the point at which the bifurcation
to the non symmetric state meets that to the symmetric one (slightly above  = 2) because the bi-
stability interval becomes very narrow. At  = 2:25 it either no longer exists or is even narrower that
one Reynolds number unit. The limits of the bistability interval are provided in Table 1.
4 Conclusions
The presented state diagram is intended to serve as a tool allowing to assess the expected asymptotic
state for any numerical or experimental conguration involving oblate spheroids. Beyond this practical
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spheroids cylinders
 Re02 Re2  Re02 Re2
1 [124] 125.2 1 [124] 125.2
6 [136] 137.7 6 [148] 150.1
3 [154] 155.7 4 [164] 165.6
Table 1 { Linear stability thresholds Re2 and lower bounds of bi-stability Re02 (Re02 < Re2) of the
subcritical Hopf bifurcation for oblate spheroids and at cylinders. (The values in brackets are closest
integer upper bounds.)
aspect it may provide a basis for theoretical reection that has already been remarkably developed for
the case of at disks in the papers by Fabre et al. (2008) and Meliga et al. (2009). The subcriticality of
the secondary Hopf bifurcation can to some extend be neglected but, if it is to be taken into account, the
weakly non-linear models must be developed to a higher order. Finally, the detailed knowledge of the
transition scenario of xed objects provides an indispensable reference for simulations of freely falling
disks. This topic has gained a signicant attention of the scientic community since the experimental
paper by Field et al. (1997). It represents the principal part of the experimental paper by Fernandes
et al. (2007) but remains a stimulating numerical challenge.
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